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Abstract

Exposed to spectral and uniform light, the heating of a one-dimensional, conducting and radiatively participating medium due to
embedded absorbing and scattering nanoparticles is solved. Spherical harmonics approximation is used to solve the radiative transfer
equation and the finite difference explicit method is used to find the temperature distribution in a generic slab having both boundaries
subjected to convection. The host medium is transparent to spectral radiation and the temperature distribution is obtained when the
temperature of the irradiated boundary reaches a desired point specified to ensure that any temperature in the medium does not exceed
its melting temperature. It is found that the variation of the concentration and configuration of the embedded nanoparticles, particularly
gold nanoshells, changes the radiative transfer spectrum, which leads to an alteration in the local heat generation spectrum and the result-
ing temperature distribution in the medium. It is shown that a gold nanoshell configuration with a great amount of scattering increases
the internal diffuse radiation, which creates a more even radiative distribution, while a configuration with a great amount of absorption
promotes a high amount of absorption in the entry region and very little in the rear region, leading to the formation of a large temper-
ature gradient between the two boundaries. The present study provides a framework from which the photothermal heating of nanopar-
ticle mixtures in non-transparent host media may be applied.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

In the last few years, study on radiation induced by
microscale or nanoscale particles has started to catch sev-
eral researchers’ attention; however, minimal attention
has been directed to gold nanoshells. Gold nanoshells are
a new type of nanoparticle that consists of a dielectric silica
core wrapped with a thin gold shell. Nanoshells have opti-
cal resonances with tunable wavelengths across the visible
and the near-infrared regime. Their wavelength tunability
is achieved by changing the relative dimensions of the silica
core and the gold shell [1,17]. When a collection of gold
nanoshells is embedded and distributed inside a medium
that is transparent in the near-infrared wavelength spec-
trum, the gold-nanoshell-embedded medium will act as a
semitransparent medium. When subjected to light at
0017-9310/$ - see front matter � 2007 Elsevier Ltd. All rights reserved.
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near-infrared wavelengths, not only will the nanoshells
attenuate incident radiation due to absorption and scatter-
ing, they will also generate internal heating inside the med-
ium. Doing so, media can be represented as particle fields,
and radiation effects can be modeled.

Analysis of radiation effects in these kinds of media has
been studied in the past [18] and also recently [19,20]. A
theoretical study of the radiation effect in heating and melt-
ing of a fused silica spherical particle was done to observe
the melting behavior in detail up to the particulate level
[19]. Fused silica was chosen because it acts as a semitrans-
parent medium and allows internal radiation, i.e. internal
absorption and emission. It also has a high and unique
melting temperature, and its properties are easily available
in the literature. Unfortunately, this theoretical study did
not provide information about its heat generating profile
when fused silica particles are spread inside a medium.
The other models of ray tracing for radiative heat transfer
problems where the participating medium is represented by
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Nomenclature

Symbols

a total radius of nanoshells, m or nm
B0s analytical constants
C0s analytical constants
c specific heat, J/kg K
Eb blackbody emissive power, W/m2

G irradiance, W/m2

H internal irradiation to surface boundaries
h convective heat transfer coefficient, W/m2 K
I intensity of radiation
Ib blackbody intensity of radiation
k thermal conductivity, W/m K
k̂ unit direction along z-axis
L length of slab
M number of nodes
m node
NT number of particles per unit volume or particle

concentration, particles/m3

n index of refraction
Q efficiency
q
00

heat flux, W/m2

S source function
ŝ arbitrary direction of propagation
ŝc direction of propagation of collimated radiation

in the medium
ŝi direction of propagation of input radiation be-

fore entering the medium
T temperature, �C or K
TP temperature at time P, �C or K
t time, s
Dt time increment, s
U* normalized heat generation
u000 heat generation, W/m3

z axis of coordinate system pointing towards the
depth normal to boundary, m

Dz spatial increment, m

Greek symbols

a thermal diffusivity, m2/s
b extinction coefficient, m�1

U normalized irradiance
Ub normalized blackbody emissive term
j absorption coefficient, m�1

l cosh
lc coshc

X solid angle
h angle between arbitrary direction of propaga-

tion ŝ and k̂

hc angle between direction of propagation of colli-
mated radiation ŝc and k̂

q density, kg/m3

q reflectivity
rs scattering coefficient, m�1

s optical depth or optical location
sL optical length
x scattering albedo
n1 analytical constant
W normalized radiative heat flux

Subscripts

c correspond to collimated radiation
d correspond to diffuse radiation
i correspond to medium outside the slab medium
in correspond to input
m correspond to node
md correspond to host medium
R correspond to total radiation, summation of dif-

fuse and collimated radiation
1 correspond to surrounding

Greek subscripts

b correspond to extinction
j correspond to absorption
k spectral
rs correspond to scattering

1506 I.K. Tjahjono, Y. Bayazitoglu / International Journal of Heat and Mass Transfer 51 (2008) 1505–1515
particles did not explain any heat production by particles
[20]. The only reports on gold nanoshell-assisted heat gen-
eration in a solid medium are found in recent works. The
reports describe a photothermally responsive nanoshell–
polymer composite that shrinks when heated up [21,22].
It is manufactured for the potential purpose of modulated
drug delivery. However, the lack of radiative heat transfer
analysis has motivated the authors to study the participat-
ing embedded medium created by gold nanoshells.

The objective of this study is to provide a one-dimen-
sional radiative heat transfer analysis of a participating
slab medium heating due to the existence of gold nano-
shells. A first-order spherical harmonics approximation
[23] is employed to solve the radiative heat transfer of the
slab being subjected to spectral irradiation from an exter-
nal source at a near-infrared wavelength. The radiative
transfer is then combined with thermal energy to observe
the heat generation and temperature distribution of the
medium at any given time.

2. Radiative transfer analysis

A semitransparent medium is engineered by embedding
gold nanoshells in a transparent slab. Light at selected
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wavelength k is aimed to a single face of the slab uniformly
at an angle hi from normal. To ease further explanation,
the slab’s face where the light enters the medium is called
the entry boundary (z = 0,sk = 0), the one where the light
leaves the medium is called the exit boundary
(z = L,sk = sLk), and the region in between can be divided
into two parts: entry region (0 < z < 0.5L, 0 < sk < 0.5sLk)
and rear region (0.5L < z < L, 0.5sLk < sk < sLk). Without
the gold nanoshell embedment, the slab is considered trans-
parent to spectral irradiation, meaning the penetrating
light experiences negligible attenuation by the slab med-
ium. The semitransparent medium is defined as a gold-
nanoshell-embedded medium that is capable of attenuating
a penetrating light’s intensity at the input wavelength.

The radiative transfer equation [23] of a propagating
light inside an absorbing and isotropically scattering,
one-dimensional plane parallel medium with constant radi-
ative properties is given as

l
dIRkðsk; ŝÞ

dsk
þ IRkðsk; ŝÞ ¼ Sðsk; ŝÞ ð1Þ

where Sðsk; ŝÞ is the source function defined as

Sðsk; ŝÞ ¼
xk

4p

Z
4p

IRkðsk; ŝÞdX ð2Þ

IRkðsk; ŝÞ is the spectral intensity of radiation at optical
location sk in the medium propagating towards an arbi-
trary direction ŝ, which is characterized by the term
l ¼ ŝ � k̂ ¼ cos h. As illustrated in Fig. 1, direction ŝc is
refracted from direction ŝi due to a mismatch of refractive
indices. The angle hc defines the angle between the direction
of propagation of collimated radiation and k̂ direction. The
subscript k denotes the spectral characteristic, i.e. obeying
the optical properties at selected wavelength. The refrac-
tion and reflection phenomena at the boundaries due to
refractive index mismatch obey the Snell’s Law and Fresnel
reflection, respectively [23]. Assumptions taken in the radi-
ative transfer analysis are: (1) emission from the medium
and nanoshells is negligible, (2) the host medium is homo-
geneous, (3) the gold nanoshells in the medium are distrib-
ccz θτθ λ cos,cos  

cŝ

inn =

imd nnn ≥=

ŝ

Fig. 1. Schematic of light p
uted evenly, (4) all of the nanoshells in the medium have
the same size and aspect ratio (core diameter/shell diame-
ter), and (5) the host medium is transparent to spectral
irradiation.

The spectral absorption and scattering coefficients, jk

and rsk, respectively are deduced from the spectral absorp-
tion and scattering efficiencies of the nanoshells, Qjk and
Qrsk, respectively under the following relations:

jk ¼ pa2QjkN T ð3Þ
rsk ¼ pa2QrskNT ð4Þ
where NT is the number of nanoshells per unit volume. The
absorption or scattering coefficient defines how much
absorption or scattering, respectively, is performed to the
incoming light per unit depth at a particular wavelength.
The total spectral extinction efficiency, Qbk, is equal to
summation of spectral absorption and scattering efficien-
cies from each of the nanoshells. Also, the summation of
the spectral absorption and scattering coefficients of the
nanoshells will be the total spectral extinction coefficient,
bk. In order to observe the proportion of absorption and
scattering to total extinction, the spectral scattering albedo,
xk, is introduced to define the ratio of the spectral scatter-
ing coefficient to spectral extinction coefficient, i.e. rsk/bk.
The term sk denotes the optical location in the medium
measured from the entry boundary in the k̂ direction. It
is obtained by multiplying the extinction coefficient, bk,
with z. Thus, the optical length, sLk, is equal to bkL.

At the entry boundary, the input irradiation is divided
into two parts: the first is where the light is slightly outside
the medium at a negligible distance from the boundary, i.e.
before entering the boundary, Iin,k(0�), and the second is
where the light is slightly inside the medium at a negligible
distance from the boundary, Iin,k(0+). They are described as
follows:

I in;kð0�; ŝÞ ¼ q00in;kdðŝ� ŝiÞ ð5Þ
I in;kð0þ; ŝÞ ¼ ð1� qkð0ÞÞq00in;kdðŝ� ŝcÞ ð6Þ
λτ,z

cθ

k̂

0,0 == λτz

λλ ττ LLz == ,

iŝ
iθ

θ

ropagation in the slab.
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The input irradiation should be at the particular wave-
length such that its intensity attenuates due to interaction
with gold nanoshells, normally in the near-infrared regime.
In the present work, the light attenuation due to absorption
or scattering by the medium is ignored because the medium
is assumed to be transparent with respect to the input
wavelength.

As propagating light is absorbed and scattered by nano-
shells, the intensity of radiation can be divided into two
components. The first component is called the collimated
intensity of radiation, Ick, which is the intensity of radiation
that decays along the depth. The second component is
called the diffuse intensity of radiation, Idk, which is the
intensity of radiation due to scattering and emission from
nanoshells. However, in the present work, emission is
neglected. Thus, the intensity of radiation in the left hand
side of Eq. (1) at location sk in the medium propagating
towards an arbitrary direction ŝ can be described as follows:

IRkðsk; ŝÞ ¼ Ickðsk; ŝÞ þ Idkðsk; ŝÞ ð7Þ
When light encounters a nanoshell, it can be reflected,

refracted, or diffracted specularly or diffusely. Collimated
light that does not reflect off the entry boundary layer
enters the medium with a factor of (1 � qk(0)). Along the
depth of the medium, multiple interactions of the nano-
shells with the impending collimated rays exponentially
attenuates the intensity of the collimated light. However,
that light which is not scattered or absorbed continues to
travel along the depth of the medium, albeit with decreas-
ing intensity, allowing the remnant of collimated rays to
contribute to the collimated source function. Those specu-
lar reflections from numerous gold nanoshells in the med-
ium pointing in the same direction as the collimated
radiation also contribute to the collimated source function.
These two components combine to determine the overall
collimated source function. The diffuse source function is
defined by scattering from numerous gold nanoshells in
the medium reflected, refracted, and diffracted in all direc-
tions with the exception of those that point in the colli-
mated direction. The scattered light due to both specular
and diffuse reflections points in random and changing
directions every time the light hits a nanoshell. The sum
of the collimated and diffuse source functions, at any loca-
tion in the medium pointing in the arbitrary direction ŝ,
acts as the total source function, which describes the over-
all intensity and direction of diffuse rays within the nano-
shell-embedded medium. Therefore, the total source
function can be equated to the diffuse radiative transfer
equation, i.e. the left hand side of Eq. (1):

l
dIdkðsk; ŝÞ

dsk
þ Idkðsk; ŝÞ ¼ Sðsk; ŝÞ

¼ Scðsk; ŝÞ þ Sdðsk; ŝÞ ð8Þ

where

Scðsk; ŝÞ ¼
xk

4p

Z
4p

I ckðsk; ŝÞdX ð9Þ
Sdðsk; ŝÞ ¼
xk

4p

Z
4p

Idkðsk; ŝÞdX ð10Þ

Employing the P1 approximation, the diffuse intensity of
radiation can be expressed as

Idkðsk; ŝÞ ffi
1

4p
ðGdk þ 3q00dklÞ ð11Þ

The complete derivation of the P1 approximation is
available in Ref. [23].

In order for Eq. (1) to be true, the collimated radiative
transfer equation should obey:

l
dI ckðsk; ŝÞ

dsk
þ Ickðsk; ŝÞ ¼ 0 ð12Þ

By applying the following boundary condition to the
collimated radiative transfer equation

Ickð0; ŝÞ ¼ I in;kð0þ; ŝÞ ð13Þ

As described, the collimated intensity of radiation can
be expressed as

Ickðsk; ŝÞ ¼ I in;kð0þ; ŝÞe�sk=lc ð14Þ

After substituting I in;kð0þ; ŝÞ from Eq. (6), the collimated
intensity of radiation becomes:

Ickðsk; ŝÞ ¼ ð1� qkð0ÞÞq00in;ke�sk=lcdðŝ� ŝcÞ ð15Þ

The collimated intensity only includes those rays point-
ing in the collimated direction ŝc. Therefore, the dirac-delta
function is employed in Eq. (15) to filter out those contri-
butions pointing in directions other than ŝc. Therefore,
only when ŝ ¼ ŝc does the collimated intensity of radiation
equal to ð1� qkð0ÞÞq00in;ke�sk=lc , otherwise it is zero. In this
manner, the collimated fraction of diffuse radiation origi-
nating from light scattered by the nanoshells in all direc-
tions ŝ is incorporated into the collimated source
function. Integrating the collimated intensity of radiation
over a 4p solid angle leads to the collimated irradiance,
Gck, and the collimated radiative heat flux, q00ckðŝÞ, by fol-
lowing their definitions:

GckðskÞ ¼
Z

4p
Ickðsk; ŝÞdX ¼ ð1� qkð0ÞÞq00in;ke�sk=lc ð16Þ

q00ckðsk; ŝÞ ¼
Z

4p
I ckðsk; ŝÞŝdX ¼ ð1� qkð0ÞÞq00in;ke�sk=lc ŝc ð17Þ

The collimated irradiance is independent of direction,
while the collimated radiative heat flux is directionally
dependent towards ŝc. When the collimated radiative heat
flux is translated to the k̂ direction, the Eq. (17) becomes:

q00ck cos hcðsk; k̂Þ ¼ ð1� qkð0ÞÞq00in;k ŝc � k̂
�� ��e�sk=lc ð18Þ

Similarly for the diffuse part, replacing Idk in Eq. (11),
the diffuse radiative transfer Eq. (8) leads to the divergence
of radiative heat flux and divergence of irradiance,
respectively:



Table 2
Nondimensional parameters for radiative heat flux and irradiance

Radiative heat flux Irradiance

Symbol Definition Symbol Definition

Wdk
q00

dk
q00

in;k

Udk
Gdk
q00

in;k

Wck
q00

ck ŝc �k̂j j
q00

in;k
Uck

Gck
q00

in;k

WRk
q00

dkþq00
ck ŝc �k̂j j

q00
in;k

¼ q00
Rk

q00
in;k

URk
GdkþGck

q00
in;k
¼ GRk

q00
in;k
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dq00dk

dsk
¼ � 1� xkð ÞGdk þ xkGck ð19Þ

dGdk

dsk
¼ �3q00dk ð20Þ

For the P1 approximation, the two boundary conditions
to the diffuse radiative transfer equation are [23]:

sk ¼ 0 : q00dð0; ŝÞ cos hc ¼
Z

4p
Idkð0; ŝÞŝ � k̂ dX ð21Þ

sk ¼ sLk : q00dðsLk; ŝÞ cos hc ¼
Z

4p
IdkðsLk; ŝÞ̂s � k̂dX ð22Þ

The solutions to both the diffuse radiative heat flux and
the diffuse irradiance are, respectively:

q00dk sk; k̂
� �

¼ C1en1sk þ C2e�n1sk þ B1e�sk=lc ð23Þ

GdkðskÞ ¼ �
1

ð1� xkÞ
C1n1en1sk � C2n1e�n1sk
�

�B1

lc

e�sk=lc � xkGck

�
ð24Þ

where C1 and C2 are analytical constants obtained by
solving:

C1

C2

� �
¼

B2 B3

B6 B7

� ��1 B4B1 þ B5

B8B1 þ B9

� �
ð25Þ

The B’s and n1 constants are tabulated in Table 1.
The term ek appearing in Table 1 defines the proportion

of the incoming light that is transmitted through the
boundary surface. It is equal to (1 � qk(0)) at the entry
boundary or (1 � qk(sLk)) at the exit boundary. Hc0,k and
HcL,k are the shorter terms for Hck at locations sk = 0
and sk = sLk, respectively. These terms represent the sum
of incoming collimated rays augmented at the correspond-
ing boundaries by multiple internal reflections of the colli-
mated radiation by both boundaries. Hc0,k and HcL,k are
respectively described as follows:

H ckð0Þ ¼ H c0;k

¼ Gck½qðsLÞe�sLk=lc þ qkð0Þq2
kðsLÞe�3sLk=lc þ � � �� ð26Þ

H ckðsLkÞ ¼ H cL;k ¼ Gck½1þ qkð0ÞqkðsLÞe�2sLk=lc þ � � �� ð27Þ

In this study, the mismatch of refractive indices between
the surrounding air and the host slab material is minimal,
and as a result, reflections at the boundary are relatively
insignificant, qk is very small, and in the model, all the qk
Table 1
Analytical constants

B1 � 1
lc

xkð1�qkð0ÞÞq00in;k
1
lc
�n2

1

B3 2þ ek
ð2�ekÞð1�xkÞ n1

B5 � ek
2�ek

xk
1�xk
ð1� qkð0ÞÞq00in;k þ

4ð1�ekÞ
2�ek

H c0;k

B7 �2e�n1sLk þ ek
ð2�ekÞð1�xkÞ n1e�n1sLk

B9 � ek
2�ek

xk
1�xk
ð1� qkð0ÞÞq00in;ke�sLk=lc þ 4ð1�ekÞ

2�ek
H cL;k
terms disappear. Thus, good accuracy is obtained by com-
pletely disregarding the reflected collimated radiation, or in
other words, taking Hc0,k and HcL,k to be 0 and Gck, respec-
tively. The host slab medium is considered transparent to
incoming radiation due to a small optical thickness, which
is a factor of both the extinction properties of the medium
and the physical length the radiation travels along the
depth.

The total radiative heat flux at any location in the med-
ium pointing towards k̂, obtained by taking an integration
of each term in Eq. (7) over a 4p solid angle, is given as

q00Rkðsk; k̂Þ ¼ q00dkðsk; k̂Þ þ q00ckðsk; ŝÞ ŝc � k̂
�� �� ð28Þ

After taking the derivative of the collimated radiative
heat flux from Eq. (18) and summing that with the diver-
gence of the diffuse radiative heat flux, Eq. (19), the diver-
gence of the total radiative heat flux can be given as

dq00RkðskÞ
dsk

¼ �ð1� xkÞGRkðskÞ ð29Þ

where the total irradiance, GRk, is obtained by integrating
each term in Eq. (7) over 4p in accordance with its
definition:

GRkðskÞ ¼ GdkðskÞ þ GckðskÞ ð30Þ

The nondimensionalized parameters for both radiative
heat flux and irradiance are presented in Table 2.

3. Heat generation and temperature distribution

As light is absorbed, heat is generated by the nanoshells
and released into the medium. Both boundary surfaces are
subjected to convection for the purpose of future experi-
mental validation. Seven assumptions were made to solving
the temperature distribution due to heat generation: (1)
B2 2� ek
ð2�ekÞð1�xkÞ n1

B4 � 2þ ek
2�ekð Þ 1�xkð Þ

1
lc

� �

B6 � 2en1sLk þ ek
ð2�ekÞð1�xkÞ n1en1sLk

� �

B8 2e�sLk=lc � ek
ð2�ekÞð1�xkÞ

e�sLk=lc

lc

n1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 1� xkð Þ

p
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Fig. 2. Optical properties of gold nanoshells in absorptive configuration
and scattering configuration; reproduced from [9].

1510 I.K. Tjahjono, Y. Bayazitoglu / International Journal of Heat and Mass Transfer 51 (2008) 1505–1515
The physical and thermal properties of the host medium
are constant, (2) the nanoshells contribute negligible addi-
tional effects to the physical and thermal properties of the
medium, (3) the medium is homogeneous, (4) the convec-
tive terms are constant over time, (5) the medium is one-
dimensional, (6) emission is negligible, and (7) the host
medium is transparent to spectral irradiation. The energy
equation incorporating these assumptions can be expressed
as [23]:

1

amd

dT
dt
¼ d2T

dz2
þ u000

kmd

ð31Þ

where u000 is the local heat generation spectrum across the
depth of the medium created by gold nanoshells. It is de-
fined as the negative sign of the divergence of radiative heat
flux.

u000 ¼ � dq00Rk

dz
ð32Þ

The normalized heat generation term, U*, defines the
ratio of division of heat generation term, u000, and the spec-
tral extinction coefficient, bk, to the spectral input
radiation.

U � ¼ u000=bk

q00in;k
ð33Þ

The temperature distribution for transient time is solved
using the finite difference explicit method [24,25]. The
energy equation is discretized in time and space and the sta-
bility criterion is applied. An additional assumption taken
to the finite difference solving method is that the tempera-
ture of the nanoshells and the surrounding medium up to
half of the clearance distance between the spatial nodes
in the depth direction is the same.

4. Results and discussion

4.1. Radiative heat transfer analysis

In this study, a sample calculation is made by incorpo-
rating the optical properties of gold nanoshells reported
experimentally in [9]. The slab material in which these
nanoshells are uniformly distributed is 3 cm-thick poly-
dimethylsiloxane (PDMS). A uniformly distributed light
is directed normal to the face of the slab at a wavelength
of 820 nm. The thickness of the slab is assumed to be much
smaller than its side dimensions to allow one-dimensional
analysis with negligible errors due to multidimensionality.
The properties of PDMS are taken as [26]: q = 965 kg/m3,
c = 1460 J/kg K, k = 0.17 W/m K, and n = 1.49.

With the 820-nm incident radiation situated between
650- and 1000-nm wavelengths, two different types of gold
nanoshells are employed; one has an absorptive optical
configuration and the other has a scattering optical config-
uration. The absorptive optical configuration has an
absorption that contributes a larger fraction to extinction
than scattering, while the scattering optical configuration
means the opposite. Utilized optical properties of both
types of gold nanoshells are presented in Fig. 2. Experi-
mental absorption and scattering efficiency values from
the selected literature lie within ±0.05 from the utilized
absorption and scattering efficiency values used in this
study. Experimental extinction efficiency values lie within
±0.1 from the utilized extinction efficiency values. Opti-
mum extinction for both configurations is located between
800- and 850-nm wavelengths.

At the 820-nm wavelength, the scattering albedo for the
absorptive and scattering configuration is 0.286 and 0.881,
respectively. The boundary reflection is minimal as the cal-
culated reflectivity value is found to be 0.04. The mismatch
of refractive index has contributed very little drop in the
radiative heat flux as compared to that without any mis-
match of refractive index.

The collimated and diffuse radiative heat fluxes are
shown in Fig. 3 for both absorptive and scattering config-
urations for different optical lengths. Quantitatively, the
nanoshell concentrations needed to produce optical lengths
of 0.1, 1, and 10 are approximately 7.0174 � 1013,
7.0174 � 1014, and 7.0174 � 1015 particles per cubic meter.
As mentioned, the collimated radiative heat flux decays
exponentially due to attenuation by gold nanoshells. As
the optical length is taken into a higher order of magnitude,
the extinction coefficient increases by the same order of
magnitude leading to a larger decay in collimated radiative
heat flux. Variation in scattering albedo does not change
the collimated radiative decay because the decay in colli-
mated radiation only sees the total extinction. However,
scattering is an important parameter for the diffuse radia-
tive heat flux because scattering helps distribute radiation
more evenly. Under the absorptive configuration, diffuse
radiative heat flux does not give a significant contribution
to the total radiative heat flux. It is the reason why the total
radiative heat flux spectrum experiences minimal alteration
from the collimated radiative heat flux spectrum when scat-
tering is low, as shown in Fig. 4. On the other hand, under
the scattering configuration, diffuse radiative heat flux gives



Fig. 3. Normalized collimated and diffuse radiative heat flux. (a)
Absorption; (b) scattering.

Fig. 4. Influence of optical length to radiative heat flux decay.

Fig. 5. Influence of scattering albedo to radiative heat flux decay
(sLk = 1).
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significant contribution to the total radiative heat flux cre-
ating a more even radiative distribution. This is shown
through the significant alteration of total radiative heat
flux decay from the collimated radiative heat flux decay.
It is also clearly shown in Fig. 4 that the radiative decay
under the scattering configuration is more even than the
radiative decay under the absorptive configuration.

Small extinction spreads the radiation more evenly
across the medium compared to large extinction; however,
small extinction also corresponds to low energy absorption
to generate heat. As the optical length increases, more radi-
ation is attenuated due to absorption and scattering per
unit depth. For a reasonably large optical length (sLk� 1),
one should expect a negligible amount of radiation by the
nanoshells in the rear region or even some portion in the
entry region for a very large optical length due to the large
amount of attenuation for each unit depth the light travels.

Holding the same extinction coefficient at sLk = 1, the
influence of variation in scattering albedo to the total radi-
ative decay is given in Fig. 5. It is apparent that the scatter-
ing configuration of nanoshells results in a much more flat
radiative heat flux curve than the absorptive configuration
under the same extinction. Scattering improves the diffuse
radiation creating a more even radiative distribution. The
total radiation under the absorptive configuration dimin-
ishes closer to the entry boundary more significantly than
that under the scattering configuration, proving scattering
promotes a more uniform radiative distribution along the
depth. With the absence of diffuse scattering, the diffuse
radiation permeating the medium, creating a diffuse
‘‘essence” throughout the medium, is also absent, and thus,
the total spectral radiative heat flux is the same as the spec-
tral collimated radiative heat flux. In the case of both the
absence of scattering and a mismatch of refractive indices,
the normalized radiative heat flux starts at 1 at the entry
boundary (z/L = 0) and decays in the amount of e�jkz=lc

at any depth location.

4.2. Heat generation and temperature distribution

The influence of the optical length and the scattering
albedo to heat generation and temperature distribution is
analyzed. Both boundaries are subjected to convection
with convective coefficient, h, of 10 W/m2 K and environ-
ment temperature, T1, at 27 �C. The input power is taken
as 300 kW/m2. This nominal value of input power is rea-
sonably chosen after having learned the utilized values
for input power from several sources in the literature:
0.008 W/m2 [8], 20–60 kW/m2 [10], 440 kW/m2 [7], and
200–880 kW/m2 [14]. Fig. 6 shows the heat generation/heat



Fig. 6. Influence of optical length to heat generation within the medium.
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flux ratio, u000=q00in;k, which is obtained by multiplying the
normalized heat generation with the extinction coefficient.
Along with depth location, the heat generation does not
decay much with sLk = 0.1. For sLk = 10, because of the
rapid decay, the heat generation is very high in the entry
region and significantly lower in the rear region. Because
a large amount of radiation is absorbed per unit length, a
negligible amount penetrates into the rear region. There-
fore, a significantly larger amount of heat is generated in
the entry region than in the rear region.

Heat generation is also influenced by the scattering
albedo. Fig. 7 shows transitional trends of heat generation
between the absorptive configuration and scattering config-
uration with sLk = 1. Holding the same extinction, more
radiation is absorbed per unit length for the absorptive
configuration than for the scattering configuration, because
the magnitude of heat generation is dependent on the mag-
nitude of absorption. Thus, for a small optical length, a lar-
ger scattering albedo produces a smaller magnitude, but a
more even distribution of heat generation than that for
the case of the smaller scattering albedo. However, for a
large optical length, the magnitude in the rear region is in
fact smaller for the absorptive configuration. This occurs,
again, because most of the radiation has been absorbed
in the entry region, and the radiation in the rear region
Fig. 7. Influence of scattering albedo to heat generation (sLk = 1).
becomes negligible. When radiation is minimal, nanoshells
have minimal energy to produce heat.

The following observation on temperature distribution,
presented in Fig. 8, is based on the heat generation analy-
sis. The finite difference simulation begins with all nodal
initial temperatures at the environment temperature, T1,
and ends when the temperature of the entry boundary
reaches 200 �C. In other words, the stopping criterion is
when the temperature increase at the entry boundary is
173 �C. The temperature distribution under this stopping
criterion does not exceed the melting temperature of
PDMS. The average inter-nanoshell clearance for selected
particle concentrations is in the lm scale. Initially, the slab
was discretized in the order of 104 nodes in order to be in
the same scale as the inter-nanoshell clearance, but, in fact,
the size of discretized space is actually two orders of mag-
nitudes higher than the scale of spacing. Under this grid
size, numerical convergence is achieved.

An increase in the optical length corresponds to an
increase in the extinction coefficient because the length of
the medium does not change. At a small optical length, a
near parabolic temperature distribution is achieved because
the heat generation is nearly constant across the depth of
the medium. As the extinction increases, the top deflection
point moves towards the entry boundary because the
absorption per unit length increases. This means that more
heat from nanoshells is dissipated closer to the entry
boundary along with the increase in optical length. This
phenomenon is clearly presented in the temperature distri-
bution at sLk = 10. A mimic of exponential decay occurs
approximately in the region 0.3 < z/L < 1 for the scattering
configuration or 0.1 < z/L < 1 for the absorptive configura-
tion showing a significant contribution of transient conduc-
tion. When more energy is absorbed in the entry region, the
temperature of the hot portion in the entry region increases
rapidly. Since the radiation magnitude decreases signifi-
cantly in the rear region, conduction becomes a significant
mode of heat transfer due to temperature difference
between the entry and rear regions.
Fig. 8. Influence of optical length to the temperature distribution when
temperature rise at boundary z/L = 0 reaches 173 �C; numerical time for
each temperature distribution is presented in Fig. 9.
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The required numerical time drops as optical length is
increased as shown in Fig. 9. One may recall that the numer-
ical stopping criterion is when the increase in temperature at
the entry boundary reaches 173 �C. For the absorptive con-
figuration, the required numerical times for optical lengths
of 0.1, 1, and 10 are 451.25, 39.5, 5 s, respectively; while for
the scattering configuration, these numbers are 6479, 174,
and 14.5 s, respectively. As optical length is increased, more
radiation is absorbed for each unit depth that the light trav-
els. For the case of sLk = 10, because most of the radiation
is absorbed significantly in the front portion of the entry
region and because the heat generation peaks near the entry
boundary, the entry boundary temperature increases at an
extremely high rate. As shown in Fig. 8, the temperature
in the rear region has not even fully received the heat by
conduction at the stopping time. While, for the case of
sLk = 0.1, radiation spreads out along the depth. Therefore,
the heat generation is more effectively distributed across the
whole volume of slab; therefore, it takes a significantly
longer time for the entry boundary to reach the stopping
temperature than that of sLk = 10.

The temperature distribution of the scattering configura-
tion is relatively higher than that of the absorptive config-
uration due to the smaller absorption coefficient as shown
in Fig. 10. Despite having the same total attenuation, the
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Fig. 10. Numerical time of variation in scattering albedo for sLk = 1.
absorptive configuration should have a shorter numerical
time than the scattering configuration. Because of the
absorptive configuration, more radiation is absorbed per
unit length, and as a result, more heat is generated per unit
length. Moreover, less radiation is distributed into the
depth due to the small amount of scattering. On the other
hand, for the scattering configuration, a smaller amount of
heat is dissipated by the nanoshells per unit length, and
more radiation is distributed into the depth. Therefore,
the entry boundary temperature should reach the stopping
condition slower for the scattering configuration than for
the absorptive configuration.
4.3. Justification for neglecting emission

In this study, the emission contribution to the radiative
heat flux is neglected. However, since everything that has a
temperature emits, the emission magnitude is observed as if
its inclusion in the radiative transfer equation would not
give a significant effect. If emission is considered, the equa-
tion of divergence of radiative heat flux, Eq. (29), becomes:

dq00RkðskÞ
dsk

¼ ð1� xkÞ½4pIbkðskÞ � GRkðskÞ� ð34Þ

where Ibk is the spectral blackbody intensity of radiation.
The blackbody emissive power, Eb, which contains the tem-
perature term, is equal to the integral of the spectral black-
body emissive power over all possible wavelengths.

Eb ¼ rT 4 ¼ 1

p

Z 1

0

Ibkdk ð35Þ

The gray input radiation is obtained by integrating the
spectral input radiation over all possible wavelengths.

q00in ¼
Z 1

0

q00in;kdk ð36Þ

However, since the spectral input radiation comes in one
wavelength, the magnitude of gray input radiation is the
same as that of spectral input radiation. The justification
in assuming negligible emission is made by comparing the
relative magnitude of normalized emission term, Ub, with
the normalized irradiance, URk, at any location sk. The nor-
malized emission term is defined as

UbðskÞ ¼
4rT 4ðskÞ

q00in
ð37Þ

Fig. 11 shows the effect of optical length variation to the
irradiance of the absorptive configuration. An increasing
optical length produces larger irradiance decay. The uti-
lized temperature values are those presented at sLk = 1 in
Fig. 8 given the surrounding temperature, T1, at 27 �C.
It is apparent that an increase in scattering albedo at the
same optical length results in a decrease in the Ub-to-URk

ratio. Because an increase in scattering causes the diffuse
irradiance to rise, the total irradiance rises as well. In



Fig. 11. Influence of optical length to irradiance.
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addition, the increase in irradiance due to scattering albedo
variation is relatively higher than the increase in tempera-
ture distribution at the stopping condition.

Fig. 12 shows the ratio of the blackbody emission term
to the spectral irradiance for a series of scattering albedo
values at sLk = 1. Values of the Ub-to-URk ratio are all
under 5%, showing that neglecting emission is justified.
In the case of temperature, the effect by emission becomes
more significant if the stopping criterion is at higher tem-
peratures because emissive power is a function of T4. The
limit to the stopping criterion will surely be such that the
temperature distribution does not exceed the melting tem-
perature of the medium.

Lastly, for smaller optical lengths, lower values of Ub-to-
URk ratio are expected at all locations. However, when a
large optical length (sLk� 1) is considered, most of the
radiation is attenuated in the entry region leaving a negligi-
ble amount of radiation in the rear region as explained ear-
lier. This has caused the temperature augmentation due to
radiation to be significant in the entry region but minimal
in the rear region. Thus, for a very large optical length,
the Ub-to-URk ratio is not the best representation to
observe the relative magnitude of the emission term and
the irradiance term, especially in the rear region.
Fig. 12. Proportion of the emission term to the irradiance (sLk = 1).
The significant difference in the rate of temperature
increase between the entry and rear regions makes the heat
from higher temperature portion (some portion in the entry
region) to flow to the lower temperature portion (rear
region). Thus, it is obvious that conduction contributes lar-
ger to the temperature increase of nanoshells in the rear
region than radiation does. Contribution of emission by
nanoshells to the medium is essentially demonstrated
through the radiative exchange between nanoshells at dif-
ferent temperatures within the transparent wavelength
range of the medium. This happens at a relatively high tem-
perature where emissive power has become comparable to
conduction. In the lower temperature region, nanoshells
add their rate of temperature increase by receiving radia-
tion from those in the higher temperature region in addi-
tion to conduction. Neglecting the influence of the
thermal conductivity of the gold nanoshells, this phenome-
non shows that, at relatively high temperatures, the heat
transfer within the medium can be increased due to inter-
nanoshell radiative exchange.

5. Conclusion

The heating of a one-dimensional, conducting and rad-
iatively participating medium due to embedded absorbing
and scattering nanoparticles is solved. Variation of the con-
centration and the configuration of gold nanoshells is
found to cause an alteration in the radiative transfer spec-
trum, which leads to an alteration in the local heat genera-
tion spectrum and the resulting temperature distribution.
Proper nanoshell concentration should be selected in order
to obtain the desired magnitude of radiative decay because
this determines the resulting decay of the local heat gener-
ation spectrum. A nanoshell configuration with a great
amount of scattering increases the internal diffuse radia-
tion, creating a more even radiative distribution to the total
radiation spectrum from collimated radiation. The temper-
ature distribution at the stoppage condition has been
obtained in the case where both boundaries are subjected
to convection.

The situation posed in this problem using PDMS as the
host medium can be experimentally verified and used to
generate a model for the dynamics of nanoshell heating
in human tissue. In this study, PDMS is considered fully
transparent to the collimated radiation, because it is nearly
fully transparent with its low extinction under the wave-
length used and the depth penetrated. In tissue modeling,
the near-infrared regime also presents a nearly fully trans-
parent situation, and wavelengths between 600 and
1400 nm comprise what is called the ‘‘therapeutic window”.
Since the optical resonance of gold nanoshells can be
‘‘tuned” by changing the relative dimensions of core diam-
eter and shell thickness, gold nanoshells can be manufac-
tured to absorb or scatter within the therapeutic window.
A direct application for this research is the photothermal
therapy of tumors. By absorbing light at a near-infrared
wavelength, a cluster of gold nanoshells is capable of
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annihilating a tumor cell by heating it up beyond its dam-
age threshold temperature [6–8,10,11]. Other possible
applications include blood immunoassay [3–5], noninvasive
tissue imaging [8,12,13], and laser tissue soldering [14].

The modeling of PDMS provides the framework for
research in such radiative heat transfer applications.
Incorporating absorption into the PDMS model and
comparing with experiment will allow for more realistic
tissue modeling which, even within the therapeutic win-
dow, calls for absorption and scattering of various
degrees by various depths of skin, muscle, and bone –
before even reaching the absorbing nanoshell embedded
medium. Future studies shall call for such multi-layered
and multi-absorbant/scattering analysis to provide more
realistic models for nanoshells used in biomedical applica-
tions or any other application utilizing a participating
host material.
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